A topological defect in the form of the Abrikosov-Nielsen-Olesen vortex is considered as a gauge-flux-carrying tube that is impenetrable for quantum matter. Charged scalar matter field is quantized in the vortex background with the perfectly reflecting (Dirichlet) boundary condition imposed at the side surface of the vortex. We show that a current circulating around the vortex and a magnetic field directed along the vortex are induced in the vacuum, if the Compton wavelength of the matter field exceeds considerably the transverse size of the vortex. The vacuum current and magnetic field are periodic in the value of the gauge flux of the vortex, providing a quantum-field-theoretical manifestation of the Aharonov-Bohm effect. The total flux of the induced vacuum magnetic field attains noticeable finite values even for the Compton wavelength of the matter field exceeding the transverse size of the vortex by just three orders of magnitude.
Introduction
Spontaneous breakdown of continuous symmetries gives rise to topological defects (texture solitons) of various kinds. In particular, if the first homotopy group of the group space of the broken symmetry group is nontrivial, then a linear topological defect known as the Abrikosov-Nielsen-Olesen (ANO) vortex [1, 2] is formed. The vortex is described classically in terms of a spin-0 (Higgs) field which condenses and a spin-1 field which 2 Induced vacuum current and total magnetic flux We start with Lagrangian for a complex scalar field ψ in (d + 1)-dimensional space-time
where ∇ µ is the covariant derivative and m is the mass of the scalar field. The operator of a second-quantized scalar field can be represented in the form
a † λ and a λ (b † λ and b λ ) are the scalar particle (antiparticle) creation and destruction operators satisfying commutation relations [a λ , a
λ is the set of parameters (quantum numbers) specifying the state; wave functions ψ λ (x) form a complete set of solutions to the stationary Klein-Fock-Gordon equation
E λ = E −λ > 0 is the energy of the state; symbol λ denotes summation over discrete and integration (with a certain measure) over continuous values of λ.
In the present paper we are considering a static background in the form of the cylindrically symmetric gauge flux tube of the finite transverse size. The coordinate system is chosen in such a way that the tube is along the z axis. The tube in 3-dimensional space is obviously generalized to the (d − 2)-tube in d-dimensional space by adding extra d − 3 dimensions as longitudinal ones. The covariant derivative is ∇ 0 = ∂ 0 , ∇ = ∂ − iẽ V with e being the coupling constant of dimension m (3−d)/2 and the vector potential possessing only one nonvanishing component given by
outside the tube; here Φ is the value of the gauge flux inside the (d − 2)-tube and ϕ is the angle in polar (r, ϕ) coordinates on a plane which is transverse to the tube. The Dirichlet boundary condition at the side surface of the tube (r = r 0 ) is imposed on the scalar field:
i.e. the quantum matter is assumed to be perfectly reflected from the thence impenetrable flux tube. The solution to (4) and (6) outside the impenetrable tube of radius r 0 takes form
where
and 0 < k < ∞, −∞ < p j < ∞ (j = 1, d − 2), n ∈ Z (Z is the set of integer numbers), J ρ (u) and Y ρ (u) are the Bessel functions of order ρ of the first and second kinds. Solutions (7) obey orthonormalization condition
The vacuum current of scalar field is defined as
with [A, B] + = AB + BA. Using (2) and (7) we get j r = j d−2 = 0 and
Due to the infinite range of the summation, the last expression is periodic in flux Φ with a period equal to 2πẽ −1 , i.e. it depends on quantity
where [[u] ] is the integer part of quantity u (i.e. the integer which is less than or equal to u). Let us rewrite (12) in the form
and
Vacuum current j ϕ circulating around the (d − 2)-tube leads to the appearance of the vacuum magnetic field with strength B 3...d directed along the (d − 2)-tube; this is a consequence of the Maxwell equation
where coupling constant e differs in general fromẽ. The total flux of the induced vacuum magnetic field across a plane which is orthogonal to the (d − 2)-tube is defined as (19) and is given by expression
Inserting j ϕ (r) (11) and changing the order of integration over r and p, we obtain
where Γ(v) is the Euler gamma-function and
It should be noted that function D(y) (22) is immediately related to the total induced vacuum magnetic flux in the d = 2 case:
Since S 1 (u, 0) = 0, one can obtain
and the total induced vacuum magnetic flux in the d = 2 case is finite in the limit of a singular (i.e. infinitely thin) vortex filament, r 0 → 0 [20] :
However, in the d ≥ 3 cases the situation is different. One gets
which yields [14] Φ
In the d > 3 cases one gets by changing the integration variable
which yields 
Numerical analysis of the induced vacuum characteristics
Let us rewrite expression (11) in the d = 2 case in the dimensionless form
where λ = r 0 /r (λ ∈ [0, 1]). In the limit of a singular filament (r 0 = 0) expression (30) can be reduced to the following form, see [20] ,
is the Macdonald function of order ρ) with asymptotics rj sing ϕ (r) = e −1 rB
where B sing (I) (r) is the vacuum magnetic field which is induced in the d = 2 case by a singular vortex filament. The total induced vacuum magnetic flux in this case, see (25), attains the maximal absolute value equal to |e|/(72 √ 3m) at F = F ± , where Our primary task is to compute numerically the induced vacuum current in the d = 2 case, see (30), at F = F ± , when the integral in (30) is likely to be most distinct from zero. It can be shown that S(z, λz) is an oscillating function with an amplitude that exponentially decreases at large z, see Fig.1 . So, for a vortex tube of nonvanishing radius, we have to compute values of dimensionless quantity rj ϕ at different values of λ. To do this, we perform high-precision numerical integration in (30) with the help of a technique developed earlier in [16] - [19] for the computation of the vacuum energy density which is induced in the d = 2 case by a vortex tube of nonvanishing radius.The results can be approximated by an interpolation function in the form
where x = mr, x 0 = mr 0 and P n (y), Q n (y), R n (y) are polynomials in y of the n-th order with the x 0 -dependent coefficients. The first factor in the square brackets describes the large distance behavior in the case of a zero-radius tube (filament), the second factor in the square brackets is an asymptotics at small distances from the side surface of the tube, the last factor describes the behavior at intermediate distances. Since the vortex tube is impenetrable, rj ϕ (r) (35) vanishes at x ≤ x 0 . The results are presented on Fig.2 . The current is negligible for the tube of large radius, i.e. of order of the Compton wavelength and larger, r 0 ≥ m −1 , see Fig.2a . But the current in the case of r 0 ≪ m −1 is comparable with the current in the case of a singular filament; note that the former is always less in value than the latter, see Fig.2b .
Of particular interest is the behavior of the induced vacuum current as the tube radius decreases. However, a direct numerical computation in the case of x 0 < 10 −3 is a rather complicated task, needing a long computational time. To surmount these difficulties, one has to take account for the following two circumstances. On the one hand, the case of a singular filament is recovered as the tube radius tends to zero, r 0 → 0. On the other hand, in contrast to (32), the current in the case of the nonvanishing tube radius vanishes quadratically in the vicinity of the tube, see (35); this is in accordance with the analysis of the r 0 → 0 limit for the solution to the Klein-Fock-Gordon equation [21, 22] . Therefore it is reasonable to assume the following behavior at r 0 ≪ m −1 and r − r 0 ≪ m −1 :
The expected asymptotic behavior of the current in the case of the extremely small tube radius (r 0 = 10 −9 m −1 ) is presented on Fig.3 . Using (18) and (35), we compute numerically B (I) (r), i.e. the induced vacuum magnetic field in the d = 2 case. The results are presented on Fig.4 for the tube radius in the range 10
As the tube radius decreases, the results approach to the result in the case of a singular filament, excepting the region in the vicinity of the tube. 
Summary
In the present paper, we consider the current and the magnetic field which are induced in the vacuum of the quantized charged scalar matter field by a topological defect in the form of the ANO vortex. A perfectly reflecting (Dirichlet) boundary condition is imposed on the matter field at the side surface of the vortex. The induced current is circulating around the vortex, and the induced magnetic field is directed along the vortex. Both the current and the magnetic field are vanishingly small in the case of the vortex transverse size being of the order of or exceeding the Compton wavelength of the matter field (the dimensionless current is less than 10 −8 , the dimensionless total flux of the magnetic field is less then 10 −9 in the d = 3 case). Together with the results of [16, 19] about the Casimir force acting on the vortex side surface, this confirms the conclusion that the vacuum polarization of the quantized matter is almost absent in the case when the mass of the Higgs field (forming the topological defect) is of the order of or less than the mass of the matter field; the vacuum polarization effects are essential for matter fields with masses which are much smaller than a scale of the spontaneous symmetry breaking (Higgs mass). As to the induced vacuum current and magnetic field in the background of the ANO vortex, we show in the present paper that they are essential in this latter case, being odd in the value of the vortex flux, Φ, and periodic in this value with with the period equal the London flux quantum, 2πẽ −1 ; to be more precise, they vanish at F = 0, 1/2, 1, where F is given by (13) , and are of opposite signs in the intervals 0 < F < 1/2 and 1/2 < F < 1, with their absolute values being symmetric with respect to the point F = 1/2. The current and the magnetic field decrease exponentially at large distances from the vortex, while otherwise they behave similarly to the case of a singular filament (vanishing transverse size) with the exception of a small vicinity of the vortex tube. The latter distinction allows us to eliminate an unphysical divergence which is present at d ≥ 3 for the total induced vacuum magnetic flux in the case of a singular filament. As long as the nonvanishing transverse size of the vortex is taken into account, the total induced vacuum magnetic flux becomes finite, attaining quite realistic values for the case of the three-dimensional space even at the spontaneous symmetry breaking scale exceeding the mass of the matter field by just three orders of magnitude, see Fig.5 and Table 1 . This can provide a possible mechanism for generating primordial magnetic fields by cosmic strings in early universe.
